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The paper takes a fresh look at the important topic of substructure synthesis. An improved technique for
synthesizing the modes obtained with fixed interface coordinates is proposed. The reduction in the size of a
substructure model is achieved through a higher order mode superposition approach. For the first time, an
analytical rationale for the popular Craig-Bampton-Hurty method is presented. It is shown that the Craig-
Bampton-Hurty method is a special case of the proposed method. The proposed approach can be used to
improve the accuracy of the calculated eigenproperties by utilizing the higher order component modes but
without calculating additional normal modes of the substructures. Numerical results are presented to demon-
strate the effectiveness of the proposed method with the increasing order of the mode superposition approach
used. The approach is expected to be efficient if the degrees of freedom at the interface of the substructures are
relatively small compared with the degrees of freedom of the substructures.

Introduction

OR forced response calculations, the lower modes of

vibration of a structure are usually quite adequate to
characterize the behavior of the system with reasonable accu-
racy. Thus, the use of model reduction techniques to calculate
the lower modes has become a standard practice in structural
dynamics. The two techniques that are commonly used to
reduce the size of a dynamic model are 1) dynamic condensa-
tion or dynamic reduction methods and 2) modal synthesis or
component mode methods. This paper is concerned with the
development of a new modal synthesis method.

A modal synthesis method is an analytical process to synthe-
size the lower modal properties of a structure from those of its
individual substructures through a Ritz procedure. The tech-
nique requires four basic steps:

1) The structural system is first partitioned into smaller
substructures. Such divisions, if they are not dictated by con-
tractual agreements, are usually done along the boundaries of
components with different functions, geometric, or dynamic
characteristics.

2) The physical displacements of the substructures are trans-
formed into a reduced set of generalized coordinates through
a matrix of component modes. The component modes are a
combination of the lower normal modes of vibration and a set
of Ritz vectors that are introduced to minimize the errors due
to the use of a reduced number of vibration modes.!

3) The substructures’ equations of motion in terms of the
reduced generalized coordinates are coupled to obtain the
global equations of motion of the combined system. This is
done by enforcing the compatibility and equilibrium condi-
tions along the component interfaces.

4) The solution of the eigenvalue problem of reduced order
is obtained to get the lower approximate eigenproperties of the
complete structural system.

There are several methods for modal synthesis in the present
literature. The differences between these methods are primar-
ily due to the variations in the selection of different types of
modes as the component modes. To obtain the normal vibra-
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tion modes, one can select different kinematic conditions for
the degrees of freedom at which a substructure is connected to
the remainder of the structure. According to the interface
conditions used, the modal synthesis formulations can be clas-
sified? as fixed interface methods,? free interface methods,®°
hybrid methods,” or loaded interface methods.!°

The first modal synthesis technique introduced by Hurty?
was a fixed interface method. Three types of component
modes were used in Hurty’s original method: rigid-body
modes, constrained or attachment modes, and fixed interface
normal vibration modes. The method was later modified by
Craig and Bampton.* Only the constrained and normal vibra-
tion modes were used in their formulation since they showed
that there is no need to separately use the rigid-body modes.
This modified version, which will be referred to as the Craig-
Bampton-Hurty (CBH) method in this paper, is -one of the
most well-known and frequently used modal synthesis tech-
niques. Its straightforward formulation and the simplicity of
the stiffness and mass matrices in the synthesized eigenprob-
lem contribute to its popularity in the profession. Another
advantage of the method is that the cases of restrained or
unrestrained substructures can be treated with the same ease
since the substructures with fixed interface do not posses
rigid-body modes that often may introduce additional compli-
cations. On the other hand, comparison studies'!'? have
shown the: CBH method is not able to provide the combined
system’s eigenproperties with the same accuracy that some of
the free interface methods, such as the Craig and Chang
method,!! can. ’

It would be useful if one could improve the accuracy of the
results obtained with the CBH technique while at the same
time retaining the convenient features of a fixed interface
approach. In this paper, therefore, a new fixed interface
method is presented. The proposed method is based on the
concepts of the so-called higher order modal combination
techniques.!*-'¢ The higher order modal combination tech-
niques are not new, and their origin can be traced to Bispling-
hoff.1” However, what is new here is the utilization of this
technique for the development of an efficient modal synthesis
approach. These higher order modal combination methods
basically provide a systematic way to accelerate the conver-
gence of the modal summation process while at the same time
retaining the minimum number of modes. The mode accelera-
tion method'? is the most well-known example of the higher
order modal combination approaches.
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Here, it is shown that the CBH method is a particular case
of the proposed method. With the help of the formulation
presented herein, the implicit approximations inherent in the
CBH method can now be analytically explained. Numerical
examples show that the improved method is able to predict
accurate values of the natural frequencies and vibration modes
with the use of only limited substructure modes.

Substructure Motion in Terms of Fixed Interface Modes

Consider the structural system shown in Fig. 1 divided into
two substructures. We seek to determine its modal properties
by synthesizing the corresponding properties of its substruc-
tures, calculated with the interface coordinates fixed. To de-
velop a modal synthesis technique to carry out this task, a
formulation that will allow the motion of the substructures to
be expressed in terms of a reduced number of generalized
coordinates is presented first.

Let the physical coordinates u of a substructure be divided
into a set of ““interior’’ coordinates #; and a set of interface or
““‘juncture’’ coordinates u;. The number of interior degrees of
freedom (DOF) is n;, and the number of interface DOF is n,.
The equations of motion of this substructure in matrix form
can be written as

[Mn MIJ:I X"l} + I:KI] KI.I:I ["1} _ g}} )
My M| iy Ky Kyl uy 7.

Since we are interested in calculating the free vibration charac-
teristics, the forced vector f; associated with the internal coor-

dinates can be set equal to zero. From the first n; rows of Eq.
(1) one can then write
Myli; + [Kyluy = — [Myli, — [Kyluy 2

Using the mode superposition approach, we can solve Eq.
(2) for u; as

7y
ur = Y om;(t) ©)

j=1
where ¢; is the jth eigenvector obtained as the solution of the
following eigenvalue problem associated with the homoge-

neous part of Eq. (2),

Ky —NMple; =0, Jj=1,...,m @

{uz}
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Fig. 1 Substructures with fixed interface coordinates.

and 7;(¢) is the principal coordinate that is obtained from the
decoupled equation,

@)+ N @ =Pi(t), Jj=1,...,n &)

The generalized force P;(¢) is defined in terms of the right-
hand side of Eq. (2) as

Pi(t) = — o] (IMy)ii; + [Kpjluy) 6)
Here it is assumed that the modes ¢, are mass normalized as
o] IMyfloy = 8 Y]

It is relevant to note that the modes defined by eigenvalue
problem (4) are the normal modes of the substructure with its
interface degrees of freedom considered fixed.

For quiescent initial conditions, the solution of Eq. (5) is

t
n;(t) = l S P;(7) sin w;(t — 7) dr ®)
wj 0
Separating the terms in the summation in Eq. (3) into two sets
involving the first lowest n; modes and the higher ng =n; —ng
modes and substituting Eq. (8) in the second summation, we
can write for u; as follows:

u1=E¢j7lj(t)+ E o —

j=1 J=ng+1

; X Pi(r) sin w;(t — 1) dr (9)

The convolution integral in Eq. (9) can be integrated by parts
to yield

j Pi(7) sin w;(t — 1) d7
0

B0 PO o wit — L S Pi(1) cos w;(t — 1) d7 (10)
0

Wj wj wWj

After two more integrations by parts, the previous expression
can be written as

jP('r) sin w;(t —7) d7 —ﬁ—(t—) —P—(:—) —l (l‘)+-—- v(t) (11)
wj wj «@j
with
e(t) = P;(0) cos w;t + B ) wjt — E (0) cos wit  (12)
wj ""J
p(t) = j DZPj(T) cos w;(t — 7) dr 13)
0

where we have introduced the notation of D? = (d*/d¢?) to
avoid the use of several overdots to represent time differentia-
tion. Replacing back Eqs. (12) and (13) in Eq. (9), the vector
of internal displacements can be written as

L Pi(t) P
u,—E¢,n,(t)+ 3 ¢,[ ©_ f&’]

J=ng+l 7 w;
o [0
_j=§+l¢j|: u’j2' w}‘} 1

When the dynamic response is calculated by modal analysis,
it is customary to retain only the lower ngx modes in the
expansion. A more accurate approximation can be obtained
by also retaining the second term in Eq. (14). That is,

W o P Pt
u = Ed’jﬂj(t) + X ¢J[ oA )]

Jj=1 J=ng+1

15)

J'
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Recalling Eq. (6), we can rewrite Eq. (15) as

ny T

w=Lom0 - L B (1M1, + Kl )
p-

2
J=ng+1 W

j=ng+1 @

n Y
+ Y 2% (1%, + Kyl (16)

It is convenient to write this expression in matrix form as

L/

u;

iy
D%j,

u;=[®x1A4,1B,1C)] an

where [$x] is the (n; X ng) matrix with the ng lower eigenvec-
tors and

[A4,1= -Vl [Ky] (18a)
[B,] =[Va] [Kyl - V1] IMy] (18b)
[C)] = [V3] [Myy] (18¢)

The following notation has been introduced in Eqs. (18a-18c):

[Vd = [®z] [AR] " [®R])%, £=1,2,..., 19
where [$z] is the (r7; X ng) matrix with the ny higher eigenvec-
tors, and [Ag] is the diagonal matrix with the corresponding
ng higher eigenvalues \; = w?.

The total displacement vector u# can be expressed as

L/
P | A, B, |Gy uy
= 2
“ [o L [0 0] Py 0y
D%,

Equation (20) constitutes the basis of the proposed modal
synthesis formulation. It allows the motion of the system to be
expressed as a linear combination of a reduced number
(nx + 3n;) of generalized coordinates in terms of the lower
vibration modes of the system calculated with fixed interface
condition and other correction terms.

In the literature on substructure synthesis, it is customary to
refer to all of these correction terms, other than the lower
vibration modes [®x], as the ‘‘component modes.”” These
modes are introduced to account somehow for the effect of
the truncated modes as well as the input from the adjacent
substructure. Adopting the same terminology here also, we can
designate the matrices [4,], [B,], and [C,] as the first-, sec-
ond-, and third-order component mode matrices, respectively.

Equation (20) can now be used to establish a relationship
between the proposed technique and the CBH method.>* We
first note that one can also define the matrices [V] and [V5] in
terms of the stiffness and mass matrices and the lower modes
and frequencies of the substructure by using the identities

[Kn)~'=1[2] [A)! (8] (21a)

[Kul™! My} [Kp) ™' = [®] [A]2 [@)7 (21b)

With the identities in Eqgs. (21a) and (21b), the matrices [V}]

and [V,] appearing in Eq. (18) and defined by Eq. (19) can also
be expressed as

Vil = 1Kn}~' - [2x] [Ax]7" [B4]7 (22a)

V2l = (K}~ IMy) (K] ™! — [@x1[Ak] 72 (@417 (22b)

Thus, matrix [A;] in Eq. (18a) that defines the contribution of
the first-order component modes can be written as

[4,1= = [Kn)7 ' [Kp] + [@x1[Ak) ! (8417 [Kiy) (23)

In the CBH method, the total displacement « in Eq. (20) is

defined as
$x | — Kii'Ky {'IK}
= — 24
“ [ 0 I uy @4

Comparing Eqs. (20) and (24) and considering Eq. (23), the
relationship between the proposed method and the CBH
method becomes evident. First, the contribution of the higher
modes ensuing from the matrices [B,} and [C,] are ignored
in the latter method. Second, only one part of the first-order
correction term associated with the first term in Eq. (23) is
considered. The first-order correction term represents the
pseudostatic response contribution of the truncated modes.
In Eq. (23), this contribution is expressed as a difference of
the pseudostatic contribution of all of the modes minus the
pseudostatic contribution of the kept modes. In the CBH
method, however, the part that represents the contribution of
the kept modes, associated with the second term in Eq. (23)
and expressed as [®x] [Ax]~! [®«] [Kis)uy, is absent. Thus, in
their formulation, the pseudostatic response contribution of
the truncated modes is replaced by the pseudostatic contribu-
tion of all of the modes; this latter contribution is associated
with the first term in Eq. (23) and is given by the term
— K7 'K;yu;. However, it will be shown later in the Appendix
that, despite the different transformation matrices used in the
two formulations, the CBH method and the first-order correc-
tion version of the proposed method lead to the same results.
Thus CBH method is the same as the first-order method in the
approach proposed here.

The transformation in Eq. (20) can be used to reduce the
order of the equations of motion (1). Substituting Eq. (20)
into Eq. (1) and premultiplying the resulting equations of
motion by the transpose of the transformation matrix, we
obtain

[#1g + [lg = F (25)
where
[ Bz B3 s |
= M2 K23 P24
[kl symm H33  H34
L pas |
) (26)
[ K11 K12 K13 K4
[x] = k22 K23 Ko
Symm K33 K34
L Kig |
g7 = [ng; u]; dj; Duj) (27a)
FT=[0]; F; 07; 0]] (27b)

The submatrices [u;] are

[en] = [9%] [My] [8«] (28a)
[p1a] = [8F] My A; + My (28b)
(ki3] = (9% My B,] (28¢c)
(k1) = [2xMy;C)) : (28d)

[u2] = [ATMyA)] + [ATMy) + [ATM)T + M) (28e)

lu2sl = [ATMy; + M) [B)] (28f)
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[k2d] = [ATMy + M) [C)] (282
[us3] = [B/MyBy] (28h)
[usa] = [B]MyCy) (28i)
[#ad] = [CTM;1C)] (28)

The submatrices «; are similarly defined by replacing the
matrices [My], [My], and [M,,] by [Ky], [Ky), and [K,,],
respectively. Using the orthonormal properties of the eigen-
vectors [®x] and [®z] and the definitions of [A4,], [B,], and
[C,] in Eqgs. (18a-18c), the submatrices [x;] can be further
simplified as

[unl = [Ix] (29a)
[w12] = [@F M) (29b)
[k13] = [m1a] =0 (29¢)

[u2) = My + K[JVoKy — KViMy — (KGViM)T (29d)
lu2sl = [ KLV3Ky — MEVIMy; + K[ VM),

+&LVaM1)T) (2%)
[u2dl = M}V = K[[V3] M) (299)

lussl = (K[ VaKyy + MGVaMy, — KLViMy,

- (K5 VsMi)T] (292)
(use) = [KSVe— MEV3] (M) (29h)
(nad] = [MVaMy] (291)

Proceeding in a similar fashion, it can be shown that the
submatrices [«;] can be written as

[k11] = [Ax] (30a)
[k12] = [®%K )] (30b)
[ki3] = [k1l = O (30c)
[k22] = [Kps] = [K[V1 K1) (30d)
[k23] = [k2a} = O (30¢)
[kl = [KEV3Ky + MEViM,; — KL V.M,

—(KHVMy)'] (30f)
[ksa] = [KVs = MV)) (M) (30g)
[kasl = IM[}V3 M) (30h)

Substructures’ Coupling

The next step in the development of the modal synthesis
method is the coupling of the equations of motion of each
substructure written as Eq. (25). To simplify the presentation
of the coupling process, we will consider that the complete
structure has been divided into two substructures. The sub-
structures will be designated as substructure a and substruc-
ture b. The superscripts and subscripts @ and b will denote a
quantity associated with the corresponding substructure.

The equations of motion (25) for the two substructures can
be combined to write the equations of motion for the system
in uncoupled form as

Rl Rl e

The vectors and matrices in Eq. (31) are defined in Egs. (25-30).

The equations of motion can be coupled by imposing the
kinematic and kinetic compatibility conditions:

uf =uf 62)
9= —F) 33)

For this we introduce the following coordinate transformation
in Eq. (31):

(12 0 0 0 0]

001 00

0 001 0 ZZ

000 01 # T
{"“} - T w b= [T”]x G4)
9s 012 0 0 0 i b

0 0 1 0 0

00 01 0

00 0 0 I

Premultiplying the resulting equation by [77 | T]], we obtain

(M5 + [Klx = g (1) (35
where
(M) = [T, (ko] [Ta] + [T5]7 ] [T5) (362)
[K] = [T.17 [k, [Ta] + [T5]" [x6] [T (36b)
g(t) = [T,)F, + [T,)"F, (360)

Carrying out the matrix multiplications indicated in Eqgs. (36a)
and (36b), the reduced matrices [M] and [K] can be defined as

r o M5 0 0
I ®™, 0 0
[ = M3y Miyg Miss (37a)
symm Mgy  Migs
Miss

A2 0 ®KE 0 0
A2 ®KE, 0 0
K] = ks 0 0 (37b)
symm ku ks
kSS

where
[r7133) = r=2a,b[M';J +K[jViK], — KiJViM],

- (K ViMp)T (38a)
[r3s] = — ruzi’b[K;]V;KlrJ + MjViMy,

- KJViMy, — (KT ViMp)T) (38b)
[r73s) = r=Ea,b[M;jTV2’ - Kijvil IM})) (38¢0)
[Pag] = ’33”’ b[KlrJT ViKiy + MjViMj,

~K[JViMj; — (K7 ViM},)T] (38d)

sl = T KFVi-MFVi] (M) (38¢)
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Uhssl = I | IM7ViMy) (389)
k) = T 1K - Ki[ViKy) (38g)
kul = I [KiJViKiy + M ViMj;

—KijViMi; — (K7 ViM)'] (38h)
(kesl = I, IKiVi— M V3] M) (38)
ksl = T IMijViMy) (389)

It is straightforward to show that the forcing function term
g(t) defined in Eq. (36¢) vanishes. Therefore, Eq. (35) corre-
sponds to the reduced-order free vibration equations of mo-
tion of the combined structural system.

The natural frequencies of the system are obtained from
the solution of the associated eigenvalue problem of order
g +nf +3ny):

MY, = NIKW;, =1, ..

where ; are the eigenvectors of the transformed condensed
system. The eigenvectors of the original structure can be calcu-
lated applying the transformations of Egs. (20) and (34) in
reverse order. That is,

,nf +nf +3n, 39)

¥ | 0| AT Bf|CF
Yi=<¥sp = |0|0]| L]0 v 0
vi); Lo |ek|Ar|Br[CT

In Eq. (40), the modal vectors of the combined system y; have
been divided into three parts to help interpret the previous
transformation. The vector y; contains the elements of
associated with the n; interface coordinates, and therefore it is
common to both substructures. The vectors ¢ and ¢ corre-
spond to the modal coordinates associated with the interior
degrees of freedom of the substructures a and b.

0.71m 06im 0.56m

BN NZANZaNZaNgy
40 49 58
FRONT VIEW

| 2 ¥
25 26

0.63m O.ZSmI Eg_.

28 N7 *
4 3 l‘—'l
0.60m 026m

BASE OF END OF
TAIL-BOOM TAIL-BOOM

Fig. 2 Details of the structure considered in the example problem.
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Fig. 3 Number of frequencies with error less than 1% vs the percent
of substructure modes used in synthesis.

Here it is relevant to note that the size of the final eigenvalue
problem is n? + n? + 3n; if all terms up to third-order correc-
tion terms are included. This size, however, can be reduced by
excluding the higher component modes (i.e., the higher order
terms), but such a reduction will be associated with a loss in
the accuracy of the calculated results. An improvement in the
accuracy of the calculated eigenproperties can also be achieved
by including a larger number of the normal modes of each
substructure, that is, by increasing #7 and n?. Whether or not
the scheme of using more normal modes and less component
modes will be more efficient than the scheme of using less
normal modes and more component modes will depend on the
size of the substructures (which determines the amount of
effort required to calculate their additional normal modes)
and also.on the number of degrees of freedom at the interface.

Numerical Results

The structure selected to present numerical results of the
proposed formulation is shown in Fig. 2. The model of the
structure corresponds to the open tail-boom structure of the
U.S. Army helicopter analyzed by Arora and Nguyen.!® The
structure is idealized here as a three-dimensional frame with
168 elements and a total of 324 degrees of freedom. The
members of the structure are made of aluminum tubular sec-
tions with a cross-sectional area of 1.27 in.2, transverse and
polar moments of inertia of 0.668 in.* and 1.1164 in.*, respec-
tively, and Young’s modulus of 10.5 x 108 psi. The structure is
divided into two substructures as indicated in Fig. 1. The
number of degrees of freedom of the substructures a and b
with the interface coordinates fixed are 138 and 162, respec-
tively. The number of degrees of freedom at the substructures’
interface is 24.

Figure 3 shows the number of natural frequencies calculated
with a relative error less than 1% vs the percentage of vibra-
tion modes used to represent each substructure. In all of the
examples, the same percentage of kept modes has been used
for both substructures. The relative error in the frequencies is
defined as

| wey — wapp |
€ = — 2 % 100;

Wex

Jj=12,...

where w., is the jth frequency obtained by solving the full
eigenproblem and w,p, is the value obtained using a modal
synthesis formulation. It is observed that the second- and
third-order correction methods do improve the accuracy of the
frequencies calculated by the first-order or CBH method,
although these higher order terms are associated with a larger
final eigenvalue problem.

Figure 4 shows the number of modal shape vectors calcu-
lated with an error less than 1% as a function of the percent-
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Fig. 4 Number of eigenvectors with rms error less than 1% vs the
percent of substructure modes used in synthesis.
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Fig. 5 Number of modal forces with error less than 1% vs the

percent of substructure modes used in synthesis.

age of the kept modes for both substructures. Two definitions
were used to calculate the relative error for a vector X:
Absolute value error:

'g I(Xex)i - (Xapp)i [
T IR X

x 100

Root-mean-square error:
. {%;[(Xex)i - (Xapp)i]Z} i
(E(x?})”

where (X,,); is the ith element of the vector X, obtained from
the solution of the full eigenproblem and (X,,); is the corre-
sponding value obtained using a modal synthesis method. The
errors calculated with both definitions were almost the same,
and therefore the root-mean-square error is used to present the
numerical results. The proposed formulation with the second-
and third-order correction terms is seen to predict resuits with
very good accuracy. However, comparing Figs. 3 and 4, one

X 100

would note that the modes are not calculated with the same .

accuracy as the frequencies.

The accuracy of the results obtained with the proposed
formulation is even more pronounced when the modal force
vectors are compared. The jth modal force vector of the
complete structure is defined as the product of the global
stiffness matrix and the jth eigenvector. Figure 5 shows the
number of modal force vectors with error less than 1% calcu-
lated with the three methods vs the percentage of the kept
modes. Comparing this with Figs. 3 and 4, one notes that the

accuracy of the modal force vectors is significantly smaller
than those of the frequencies and eigenvectors. In fact, in this
example problem the first-order formulation or CBH ap-
proach is seen to provide rather poor results. A large number
of substructures’ modes were needed to begin obtaining accu-
rate results in the first-order or CBH approach. However, the
accuracy of the results is significantly improved when the
second- and third-order terms are included in the mode syn-
thesis. It should be mentioned that the CBH or first-order
correction method does converge to the exact modal force
vector as the number of kept modes are increased. That is,
when all of the modes of the substructures were used, the exact
solution was obtained.

Concluding Remarks

An improved mode synthesis approach is proposed to re-
duce the error in the eigenproperties of a structural system
caused by the use of a limited number of fixed interface
normal modes of substructures. The improvement is achieved
by utilization of a higher order mode superposition method
that accounts for the truncated modes without explicitly calcu-
lating them. Depending on the order of the correction terms
used, one obtains a first-, second-, or third-order mode syn-
thesis approach. It is shown that the popular Craig-Bampton-
Hurty approach is a first-order approach wherein only the
first-order correction terms are retained to account for the
truncated modes. It is shown that the retention of the higher
order correction terms, or equivalently the inclusion of more
component modes, does improve the accuracy of the calcu-
lated modal properties, although it also increases the size of
the final eigenvalue problem. A similar improvement in the
accuracy of the calculated modal properties can also be real-
ized by including a larger number of normal modes from each
substructure with a lower order formulation. Thus, obviously
there is a tradeoff involved here. The answer to the question as
to which of the two approaches—the one with more normal
modes but less component modes or the other with less normal
modes but more component modes—is better will, of course,
depend on the effort involved in calculating the additional
normal modes of the substructures and the number of the
degrees of freedom at the interface. The method proposed in
this paper improves the accuracy without calculating any addi-
tional normal modes but by including more component modes
that do not require any knowledge of the higher normal
modes. But this improvement does not come by without any
additional effort as it increases the size of the final eigenvalue
problem. However, it is still expected that, for the same level
of accuracy in the calculated modal properties, a higher order
approach will compare favorably with the first-order approach
(CBH method) for large substructures connected by a rela-
tively small number of degrees of freedom at their interface.

Appendix
Equivalence Between the First-Order Formulation and the CBH
Method

If only the first correction term is used in Eq. (20) to
represent the motion of the substructure, the reduced equa-
tions of motion (25) assume the form

[ Iy ‘I’;Mu} . +[ Ak
M}®x  p2 Ki®x  xn

®ITK
X ”]q _F (A1)

The equivalent equation of motion of reduced order for the
CBH method can be obtained substituting the transformation
(24) in Eq. (1) and premultiplying by the transverse of the
same transformation matrix. It can be shown that this leads to

[ Ik SIMy; ~ Hm] it [Ak
M@ — HY, 7S 0

where

0
*]q* =F (A2)
K22

Hy; = A ' 9FKyy (A3)
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urr =My + KJ K MK 7 'Ky — KEK "My, - MEK 'Ky (A4)
32 =K — KK 'Ky (AS)

The two equations of motion (Al) and (A2) are related
through similarity transformations. The vector ¢* in Eq. (A2)
can be expressed in terms of the vector ¢ in Eq. (Al):

I, Hg,
* = A6
q [0 I, ]q (A6)

Substituting Eq. (A6) into Eq. (A2) and premultiplying by the
transpose of the transformation matrix, one obtains

[ Iy ‘I’1€Mu] N +[ Ag
ML®x HAx R

AxH
K KJ]q=F (AT)

where
fioy = w32 — HiHy; + Hi; ®FMy, + M ®gHy, (A8)
Rz = k3 + Hi;AxHy, (A9

Using the definition of matrix Hy; in Eq. (A3), carrying out
the matrix multiplication indicated in Eqs. (A8) and (A9),
and recalling the definitions of matrices {V,] and [V5] in
Eqgs. (22a and 22b), it is straightforward to show that

AvHyy = ®[Ky (A10)
fia = My; + KL VoKyy — KEViMy — MIVIK = pp (Al
R =Ky + KJViKy =y (A12)

Therefore, Eqs. (Al) and (A2) are indeed related by the trans-
formation (A6). The equations of motion (A1) or (A2) for the
two substructures have to be combined to obtain the free
vibration equations of motion of the combined system. Since
the same coupling procedure is applicable to both methods,
this will not alter the equivalence between the two formula-
tions demonstrated earlier. Finally, since the mass and stiff-
ness matrices in the reduced-order eigenproblem (39) of both
methods are related through similarity transformations, the
two methods will lead to the same set of eigenvalues and
eigenvectors for the combined structure.
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